A one-dimensional, axisymmetric, linear finite element model describing a fluid interacting with a piezoelectric actuator is developed. This system is used to generate finite amplitude standing waves in an acoustic cavity with rigid walls. The model includes the effects of viscous and thermal damping of the fluid at the boundary of the cavity, and material damping in the piezoelectric actuator. Two types of piezoelectric actuators are considered, a stacked layer actuator, and a bending bimorph actuator. The resulting finite element equations are used to determine the optimum shape for the acoustic cavity that results in the highest pressure for the least input power. Optimal chambers were found that could generate ± 19 psi at 1700 Hz for 50 watts of power using air as a working fluid and ± 70 psi at 950 Hz for 42 watts of power using R-134A as a working fluid. The optimization results were verified against the commercial finite element code ANSYS and published experimental data.
INTRODUCTION
Attempts have been made to develop new classes of compressors which depart radically from the conventional reciprocating or rotary compressors in order to operate with fewer moving parts, eliminate the need for continuous lubrication, improve the compressor reliability and enhance its efficiency. Distinct among these attempts are the pioneering standing wave compressors of Lucas (1994) and Bishop (2000) . In the case of Lucas's compressor, shown in Figure ( 1), a conventional reciprocating electro-mechanical actuator is used to oscillate a specially configured chamber back and forth a distance of about 100 micro-meters to generate acoustic particle velocities with Mach numbers of about 0.5 and pressures of about 500 psi. However, in the case of Bishop's compressor (2000) , shown schematically in Figure  ( 2), a piezoelectric actuator is used to generate standing pressure waves in a straight constant cross-section chamber.
A summary of the merits and drawbacks of these two designs of standing wave compressors is given in Table 1 . It is evident from Table 1 that although Lucas's compressor relies in its operation on an optimally shaped chamber that makes it capable of generating high pressures, it still utilizes a conventional electro-mechanical actuator with moving parts. Also, note that although Bishop's compressor has replaced the conventional actuator by a smart piezoelectric actuator, it has employed an inefficient straight chamber that acts as a low-pressure resonator for the standing waves. Generator Suction Port S t a n d i n g W a v e P a t t e r n Piezoelectric Actuator One-Way Valve Delivery Port
Figure (2) -Standing wave compressor of Bishop (2000)
Accordingly, it is the purpose of this paper to combine the attractive attributes of Lucas and Bishop's compressors in an attempt to develop a new class of effective standing wave compressors. In the proposed compressor, smart piezoelectric actuator is utilized to generate high-pressure standing waves inside an optimally configured chamber. The proposed compressor is called "Piezoelectric Acoustic Compressor" (PAC) . Figure ( 3) shows a preferred configuration of the PAC. In this configuration, the optimally shaped chamber of Lucas is combined with the smart piezoelectric actuator of Bishop to generate very high pressure without the need for any moving parts. mass/damper/spring system as shown in Figure ( 4) into a piezoelectric actuator. The inclusion of the actuator dynamics in the model allows for simultaneous optimization of the cavity and the drive system. The PAC system will be discretized to finite elements as shown in Figure ( The dynamics of the PCA will be generated using the Hamilton Principle (Meirovich, 2001) . This approach requires the calculation of kinetic (T) and potential (U) energies, and virtual work due to non-conservative forces (W nc ) as follows ( )
where δ indicates variation in the generalized coordinates. The kinetic and potential energies of the fluid and structure are determined using the approach developed by Baz (1997 ), Dickens (2004 , Everstine (1981) , Olson and Bathe (1985), and Bathe (1996) . This approach assumes an inviscid, isotropic fluid undergoing small displacements and having no body forces giving:
Kinetic energy of the fluid inside cavity:
Kinetic energy of the actuator structure:
Potential energy of the fluid inside cavity:
Potential energy of the actuator structure:
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where subscript f refers to the fluid, subscript s refers to the structure, c = speed of sound in the fluid, φ =velocity potential function and φ ρ − = p = pressure inside cavity.
The non-conservative forces acting on the system are the piezo-actuation force F s on the structure, the force due to the damper F v , and the fluid-structure interaction forces F fsi , i.e.
( ), ,
with A denoting the cavity area.
These forces will be used to generate the expression for the virtual work done by the non-conservative forces as follows:
Hamilton's principle will be used to develop the equations governing the dynamics of the PAC as follows:
where M s and M f denote the mass matrices of the actuator and the fluid. Also C s defines the actuator damping matrix. Furthermore, K s and K f denote the stiffness matrices of the actuator and the fluid and Ω defines the fluid structure coupling matrix.
Piezo-actuator
The simple spring/mass/damper system will now be expanded to a more realistic actuator for the acoustic cavity. Two types of piezoelectric actuators were considered in this study, a stacked actuator, and a bimorph actuator. In the stacked type of actuator, piezoelectric layers are arranged in such a way that their deflections add together when voltage is applied across the stack. Each layer is actuated in its 3-3 mode, which means they are intended to expand axially (IEEE Standards 176, 1987) . A bimorph actuator expands in the radial direction (1-3 mode), but the two layers are arranged such that as one expands, the other contracts. This causes the disc to bend. A cross section of the two types of actuators considered is shown in Figure ( 7). The letter P and an arrow indicate the poling direction of the material.
The Piezoelectric materials will be modeled based on the linear theory of piezoelectricity as defined in IEEE Standard 176 (1987):
where T=mechanical stress, c E = compliance matrix at constant electric field, S= mechanical strain, e T =piezoelectric constant matrix, D = electric displacement, ε T =permittivity matrix at constant stress, and E = electric field.
The potential and kinetic energies of the piezo-actuator will be calculated from 1 1 2 2
Also, the virtual electrical work associated with the piezo-actuator will be Combining the piezoelectric actuator with the fluid matrices, will give the following dynamic equations: response of the piezo-actuator and the pressure inside the cavity of the PAC as a function of its design parameters. This model will also be used to create an optimally shaped chamber, which produces the maximum pressure at the end opposite to the actuator and requires the least amount of electrical input power. Expressions of the mass and stiffness matrices of equation (9) are given in the Appendices I and II for both the stack and bimorph piezo-actuators and in Appendix III for the fluid cavity.
Drive Power
The actuator will require an electrical drive unit to supply voltage and current. The sizing of this power supply depends on knowing the required power output. The electrical power is given by Once the nodal displacements are calculated, the power is found by applying equation (12) or (13).
Fluid Damping
Equation (9) contains a complete description of the finite element model for a fluid filled cavity driven by a simple piston type actuator. The only damping included in this model is the actuator damping matrix C s . To account for the fluid damping, a complex speed of sound is used in the fluid mass matrix [equations (Error! Reference source not found.) and (III-5)] as described in Kinsler, et al. (1982) . The speed of sound is written as
where c* is the complex speed of sound, c is the thermodynamic speed of sound, ω is the frequency of the vibrations, and α is the absorption coefficient given by In equation (15), η and η e are the true and effective coefficients of shear viscosity, γ is the ratio of specific heats, κ is the thermal conductivity of the fluid, and C p is the specific heat at constant pressure. The factor 2 1 c in the finite element equations can be expanded accordingly as follows 
where {h} is an interpolating matrix given in Appendix III.
Hence, equation (17) 
where
With this formulation, the M f1 , M f2 , and M f3 matrices can be calculated for each element and formed into global matrices for the full system. During calculation of the frequency response, the full [M f ] matrix is calculated depending on the frequency of interest.
Solution
It is important to note here, before attempting to solve the finite element equation (9), that the electrical degrees of freedom have no entry in the mass matrix, making it singular. Using the conventional static condensation method, gives the following reduced order equations:
, and
Validation of the Mathematical Model
The predictions of the developed model of the piezo-acoustic compressor will be validated against the predictions of an ANSYS model and against published experimental data. The material properties of the piezo-actuator (PZT-5A) are listed in Table 2 (Morgan Electro Ceramics, and Kays and Crawford 1993). 
Validation against ANSYS
As a first step prior to optimization, a MATLAB program was developed to code the finite element model described in Section 2. The prediction of model are verified against the predictions of the commercial FEM code ANSYS for the simple tapered cavity shown in Figure (8)(8) . 15 .00 in Table 2 . The "End Pressure" in Table 2 refers to one half the peak-to-peak pressure over an acoustic cycle. The mode shapes along the centerline agree quite well and the frequency agreement is also excellent. There is a small difference in the calculated end pressures, likely due to the one-dimensional model versus a two-dimensional model. Increasing the number of elements in the MATLAB model up to 200 elements made no appreciable difference to the results.
Bimorph actuator
A 480 element 2-D axisymmetric ANSYS model was created to verify the frequencies and displacements calculated by a 48 element 1-D MATLAB model. The actuator modeled consisted of a PZT-5H bimorph of radius 1.25 inch, layer thickness 0.19 mm, actuation voltage 90 volts across each layer.
Figure shows a comparison of the mode shapes and displacements. Table 3 and Table 4 compare the frequency, displacement, and drive power required assuming that the ANSYS result is more correct. The agreement is excellent, considering that the MATLAB model has 1/10 of the number of elements and fewer degrees of freedom than the ANSYS model. Notice that for a relatively low power input, the bimorph delivers an impressive amount of deflection compared to a stacked type actuator. At these large deflections, the model assumptions are violated and the solution accuracy is decreased. Verification of Bimorph FEM with fluid and damping in a sample cavity Finally, the bimorph model was coupled to the fluid model and verified using the cavity in Figure (8) . The results of the ANSYS model of the tapered cavity versus the MATLAB solution are shown in Table 5 and Table 6 . The frequency agreement of the combined model is still excellent. The results agree to within 4% on amplitude and less than 1% on frequency even though different damping methods are used and the MATLAB model has many fewer elements. The end pressure and drive power calculated are also in good agreement. , et al. (1998) report the pressure measured at the end of several different geometry resonators filled with refrigerant R-134A and employing Entire Resonator Drive (ERD). They analyzed the pressure signal and give the pressure recorded for the first 10 harmonics of the fundamental frequency used to drive the resonator. They considered several geometries, a cylinder, a cone, and a horn-cone shape. They only report both pressure and power for the horncone; therefore, this geometry was used to verify the MATLAB model against a real world problem. The acceleration in the model was varied until the output power matched that reported in the paper.
Figure (10) -Comparison between MATLAB (M) vs. ANSYS (A) for a bimorph actuator alone

Validation against Published Experimental Results
Lawrenson
The thermodynamic properties of the refrigerant used in the MATLAB calculations are shown in Table 7 . The paper lists the density of the R-134A used in the experiment as 13.8 kg/m 3 and gives the ambient pressure within the cavity for the time during which measurements were taken. Since the cavities were sealed, the ambient density does not change from one experiment to the next. Given the density and pressure, the other thermodynamic properties were calculated. These properties are obtained from the software program EES that implements the Martin-Hou equation of state. Table 8 summarizes the results of the predictions of the MATLAB model as compared to the experimental results at excitation levels of 14.74 and 28.02 g. Figure ( 11) shows the shape of the standing wave and fluid velocity along the resonator axis for different drive levels. Time history plots of the pressure signal at the end of the horn cone geometry in Figure (12) compare the MATLAB solution to the total measured response and the first harmonic measured response. The MATLAB results have been adjusted in level to coincide with the lowest pressure measured in the experiment. The MATLAB solutions assume all of the input energy is delivered to the first harmonic; however, the nonlinearities present in the system pump some of the energy into higher harmonics. This is particularly evident as the linear solution is considerably higher in level than the actual first harmonic measured.
It is evident that the frequency and pressure calculated by the linear code are in reasonable agreement with the experiment. The mathematical model captures enough of the physics to approximate the system response and allow generation of an optimally shaped cavity.
Optimization of the Compressor Design Parameters
MATLAB Predictions
Multiple optimizations were run with different initial cavity shapes such as straight, tapered, and spear point. For each optimization, the drive voltage remained constant at 90 volts across each layer. The results of the optimization using air as the working fluid are shown in Figure (13) and (14) . The cross-section of the optimized shape is displayed in Figure ( Using the air solution as a starting point, another optimization was done for R-134A as the working fluid. Mode shapes and frequency response plots follow in Figures (16) and (17) . The resulting cavity delivers relatively high pressures, possibly enough to drive a small refrigeration system. The preceding shapes were transferred to ANSYS for verification as outlined in the following section.
Comparisons with ANSYS
In the ANSYS model, the walls of the acoustic cavity are assumed rigid and designated as impedance surfaces to include the damping effect. The piezoelectric bimorph is created and the surface of interaction identified. Plots of the pressure contours are shown below in Figure (18) . Note that the pressure wave is nearly planar at 1678.4 Hz (Mode 2) but shows considerable two-dimensional effects at 1616.9 Hz (Mode 1). This accounts for some of the differences between the ANSYS and MATLAB models which arise from the fact that the ANSYS model is a two-dimensional axisymmetric model of the acoustic fluid while the MATLAB model is one-dimensional. Table 9 and Table 10 compare and summarize the results of the two solution approaches. Notice the large difference in actuator center displacement in the first two modes. At these large displacements, the assumptions used in the MATLAB model become invalid. The ANSYS model does not make the same assumptions, and as such may be considered more correct. Frequency agreement is excellent between the two approaches indicating that the response differences are due to two-dimensional effects and the differences in damping models.
Verification of the optimization using R-134A as the working fluid follows. The shape is very similar, comparisons between ANSYS and the MATLAB solution shown below. Figure (18) and (19) show that the R-134A results have more pronounced two-dimensional effects than the air results. The increased density of R-134A over air allows the chamber to develop higher pressures. Note that the end pressure of 70 psi (mode 1) requires 41.7 watts of electrical power. Referring to Table 10, 41.7 watts of power delivered to a chamber using ERD produced 90 psi. The paper by Lawrenson, et al. does not specify the electrical power necessary to drive the chamber, only the amount of power delivered to the fluid via the electromechanical actuator. The optimal cavity found here delivers nearly the same amount of pressure for approximately the same power but without the complication of a moving cavity.
Conclusions
The concept of a Piezoelectric Acoustical Compressor was introduced and a finite element model of the system was developed. This model may be used for optimizing the chamber shape and actuator size concurrently. The frequency and pressure predicted by the model is in good agreement with the commercial FEM code ANSYS. The fluid damping model included is in reasonable agreement with one set of experimental measurements found in published literature. An optimal chamber was found that could generate ± 19 psi at 1700 Hz for 50 watts of power using air as a working fluid. Another optimal chamber was found using R-134A as working fluid that can generate ± 70 psi at 950 Hz for 42 watts of power.
Future work will be to build and verify the design. As the material properties of piezoelectric materials can vary substantially and fluid properties will change during operation, a control system will be needed to maintain the drive frequency at the optimum point for high-pressure delivery. One-way valves will also need to be added for the compressor to be useful. The results of the experiments can be used to verify the damping model and the piezoelectric drive power model used in this paper.
Further work is needed to determine the validity limits of the presented linear model and a natural direction is to extend the non-linear models of Lawrenson, et al. (1998 ), Ilinskii, et al. (1998 ), and Erickson and Zinn (2003 by integrating the dynamics of the piezo-actuator with their models after casting them in a finite element formulation.
APPENDIX -I
Stiffness and Mass Matrices of the Stack Piezoelectric Actuator
I.1. General Piezoelectric Modeling
The constitutive equation of piezoelectric materials [equation (6) Then, the potential energy [equation (7)
In the finite element formulation, the mechanical and electric displacements will be approximated by shape functions as follows
where { ∆ } is the appropriate nodal deflection vector. Then, equation (I-2) reduces to:
Also, the kinetic energy can be written as
I.2. Stack Actuator
A single layer finite element model of a stack actuator is shown in Figure . A local coordinate x is defined which varies from 0 at the leftmost node i to L at the rightmost node k. Note that the x coordinate corresponds to the standard piezoelectric direction 3. (I-12)
The mass matrix is given by
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APPENDIX -II
Stiffness and Mass Matrices of the Bimorph Piezoelectric Actuator
First, let us make some simplifying assumptions regarding what components of stress and strain can be expected. Such assumptions are guided by the work of Dobrucki and Pruchnicki (1997) In their work, it is assumed that since the stress in the z-axis is negligible (Kirchoff hypothesis), the strain may also be ignored. We will see that this is not the case for piezoelectric materials.
Referring back to the constitutive equations [equation (6) For axisymmetric vibrations, p and q = 1-3 refer to the radial (1), angular (2), and vertical (3) directions, as in Figure . The arrows indicate the poling direction of the material. Actuation voltage is applied in the 3 direction; therefore, j is set to 3.
Figure (II-1) -Cross Section of Bimorph
Noting that the material properties in direction 1 equal those in direction 2, i.e., the material is transversally isotropic, then 
Then, for an axisymmetric element, the differential volume element is dV=2π r dz dx, and the elements of the stiffness and mass matrices are: 
and { } { } 
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